SampleQuestiond~or Calculusl Final (Fall 2001)
WednesdayDecemben 9, 6:00- 8:00PM, North UndegroundLectureHall

e Skills
— Limits
1 . sin(5x) _ x—sinx
e ® = @ m*3
n 2 n
2. lim Z k—3 giventhatz k2 = n(n+l)(2n+1).
ooz K=1 6

3. Iim0(1+2x)% Hint: Take the naturallogarithmof this limit.
X—

— Difffer entiation
1. Determinethe derivative of

(8) y=e: (b) y=xe* (b) y=3"
cody . Ax+1
2. Flndd—x ify= 2.t
3. Evaluatethefollowing:
d : d . 4 d 5
(a) dx (cog3x) + x sin(x)) (b) il (3t) (©) dx In(X+x°)

4. Let f(x) = sinxandg(x) = v/x.
(a) Determinef (g(x)).
(b) Determinethederivative of f(g(x)).
5. Thepoint(3,1)is onthe graphof the curve whosepointssatisfythe equatior2xy — y* = 5

. : d : L
(a) Find and expressionto computed—z at points on that curve wherethe tangentline is not

vertical. Hint Implicit Differentiation
(b) Write anequationfor theline tangentto this curve atthe point(3,1).

— Integration
1. Evaluatethefollowing definiteintegrals
2 /4
a) / 2x— 3| dx (b) / sed6 do
0 0

2. Determineby substitutionandstatethe specificsubstitutionyou areusing.

a) / xv/3— 2 dx (b) / xcog3?) dx

© / XZZJ’: - dx d) / €9 sinx dx

3. Findthedifferentiablefunctiong thathasthe properties:

g(x) =x—6cog2x) forallx and g(m)=1.
¢ RelatedRates
1. A stonedroppedinto astill pondsendsout a circularripple whoseradiusincreasest a constantate

of 3 ft/s. How rapidly is theareaenclosedy theripple increasingvhenthe areais 30 squarefeet.

2. A conicalwatertankwith vertex down hasaradiusof 10 feetatthetop andis 24 feethigh. If wateris
beingdrainedfrom thetankataconstantateof 20ft3/min, how fastis thedepthof thewaterchanging
whenthewateris 16 feetdeep.



e Local Linear Approximation Usean appropriatdocal linear approximationto estimatethe value of the
givenquantity

(@)

V24 (b) sin(0.1)

e Analysis of functions Let f bethe polynomialfunctiondefinedby f (x) = x* — gxz for all .

© N Ok wWDNRE

f'(x) =

f”(X) —

Find all critical pointsof f andclassifythebehaior of f ateachpoint.

Locateall inflectionpointsof f.

Onwhichintenal(s)is f decreasingPescribetherelevantevidence.
Onwhichinterval(s)is thegraphof f concare down? Describetherelevantevidence.
Write anequationfor aline tangento thegraphof f ataninflectionpoint.

Sketchthegraphof f overanappropriatenterval - indicatescalegor viewing window) for your plot;
includegraphof thetangentine you foundin part(g).

e Rectilinear Motion

1. Thepositionfunctionof aparticlemoving alonga coordinatdine is givenby s(t) = 2t3— 21t% + 60t +

3,t > 0,wheresisin feetandt is in seconds.

(a) Findthevelocity andacceleratiorfunctions.

(b) At whattimeis the particlestopped?

(c) Whenis the particlespeedingup? Slowing down?

(d) Findthetotal distancetraveledby the particlefromtimet =0tot =5.

2. A ballis thrown from the surfaceof the earth(wherethe acceleratiorof gravity is 32 ft/sec) straight

up into theair with aninitial velocity of 60 mph (= 88 ft/sec).How high doestheball go?

e Max/Min

1. Considerthefunction f (x) = (

1 .
XI—X) overtheopeninterval (0,1).

(a) Usealimit agumentto shaw thatthis functionhasno absolutemaximumon this interval.

(b) Whatis the absoluteminimum of this function on this interval andwheredoesit occur Justify
your answer

2. A cylindrical can,openatthetop,is to hold500cm? of liquid. Findtheheightandradiusthatminimize

theamountof materialneededo manufcturethe can. Be sureto statethe domainof thefunctionyou
areminimizing andshow thattheresultingvaluedoesindeedresultin a minimum.

Therearemary rectanglesvhoseareais 100 squarefeet: for instance pnesuchrectangles four feet
wide andtwenty-five feettall, anotheris two hundredfeetwide and one-halffoot tall. Useideasof
calculusto shawv thatin thesetof all rectanglehaving areal00squardeet,theten-by-tensquarenas
theshortesperimeter

e Definitions

— The Derivative

1. Limit Definition of Derivative
(a) Stateaformal (limit) definitionof thederivative of afunction f.



(b) Find the derivative of the function f (x) = 3x? — 2x usingthe definitionin part(a). Shaw all
of thestepsn thelimiting process.

2. Thefollowing limit representd’(a) for somefunction f andsomenumbera. Find f anda.

im vV31+Ax—1
Ax—0 AX

— Definite Integrals

1. Considerthetwo equialentexpresssions:
n
x lim Z Xk e Ax,, wherepisapartitionof [1,4],
[pll—0 =
wherethe interval [1,4] is divided into n sub-intenals, the

n
* ma>|<|g]<k—>0 kgl X B K'th interval haswidth = Ax,

andx; is somenumberin the K'th interval. Expresseitherof theseequivalentstatementasa
definiteintegral. Do not attemptto evaluatethe resultingdefiniteintegral.

e Theorems

1. Trueor False(write theword True or False)

(a) All continousfunctionson anopeninterval aredifferentiableon thatinterval.
(b) All continousfunctionson a closedinterval areintegrableon thatinterval.

(c) If fisdifferentiableon (a,b) andcontinouson[a,b] thenthereexistsatleastonenumbercin (a,b)
suchthat f'(c)(b—a) = f(b) — f(a).

2. Stateoneversionof the Fundemental heoremof Calculus.
X

3. LetF(x) = / cos(gt) dt. Find F'(x) andF” (x).
0

e Analyzing a givengraph

1. Theaccompaying figure showns the graphof the heighth in centimetersersusthe aget in yearsof
anindividual from birth to ageZ20.

206
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(Cm) 1006
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age(years)

(a) Whenis thegrowth ratethegreatest?
(b) Esitmatethe growth rateatageb5.

(c) At approximatelywhatagebetweerlOand20isthegrowth ratethegreatestEstimatehegrowth
rateatthisage.



2. Below arethe graphsof a function; f (x), its first derivative; f’(x), andits secondderivative; f”(x).
Labelthemaccordingly
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3. Supposehat f is adifferentiablefunction. Thegraphof f/, thederivative of f, overtheinterval [-5,6]
is shavn below.

Graphof f/(x) Graphof f”(x)
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(&) Onwhatintenal(s)is f increasingescribetheevidencethatis relevant. (A reasonablapprox-
imationto theinterval(s)togethemwith a clearexplanationwill sufiice).

(b) Onwhatintenal(s)is thegraphof f concae up?Describetherelevantevidence.

(c) Doesf have alocal (relatve) maximumsomavherein the openinterval (-5,6)? Describethe
relevantevidence.

(d) Suposef (0) = 12. Write anequationfor theline tangento thegraphof f atthepoint(0,12).

(e) Sketchthegraphof f”, thesecondderivative of f. Describetwo key featuresof your graphand
explain how they arerelatedto the graphshowvn above.

4. Considerthe following graphwherethe anti-dervative function F of the function f(x) is given by

6
F’(x) = f(x). Usethegraphto evaluate / f(x) dx.
2
Graphof F(x), whereF'(x) = f(x)
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e Below is agraphof the Folium of Descartes wherey is definedimplicitly by x® +y3 = 3xy.

The Graphof x3 +y® = 3xy

y
2.

1. Useimplicit differentiationto find an expressiorfor % atpointson the curve wherethetangentine

is notvertical.
2. Thepoint(%, %) is onthis curve. Whatis the slopeof thetangentine to the curwve at this point?

3. Sketchthetangentine to thecurve atthe point (%’, %) onthegraphabove.



