
SampleQuestionsFor CalculusI Final (Fall 2001)
Wednesday, December19,6:00- 8:00PM, NorthUndergroundLectureHall

� Skills

– Limits

1. (a) lim
x � 0

1 � e2x

x2 (b) lim
x � 0

sin
�
5x �

x
(c) lim

x � 0

x � sinx
x3

2. lim
n � ∞

n

∑
k � 1

k2

7n3 giventhat
n

∑
k � 1

k2 � n
�
n � 1� � 2n � 1�

6
.

3. lim
x � 0

�
1 � 2x � 1

x Hint: Take thenaturallogarithmof this limit.

– Difffer entiation

1. Determinethederivativeof
(a) y � e

1
x (b) y � x e2x (b) y � 3x

2. Find
dy
dx

if y � 4x � 1
x2 � 5

.

3. Evaluatethefollowing:

(a)
d
dx

�
cos

�
3x ��� x sin

�
x �	� (b)

d
dt

sin
 1 � 3t � (c)
d
dx

ln
�
x � x2 �

4. Let f
�
x � � sinx andg

�
x � ��� x.

(a) Determinef
�
g
�
x �	� .

(b) Determinethederivativeof f
�
g
�
x �	� .

5. Thepoint (3,1) is on thegraphof thecurvewhosepointssatisfytheequation2xy � y2 � 5

(a) Find and expressionto compute
dy
dx

at points on that curve wherethe tangentline is not

vertical.Hint Implicit Dif ferentiation

(b) Write anequationfor theline tangentto this curveat thepoint (3,1).

– Integration

1. Evaluatethefollowing definiteintegrals

(a) 
 2

0 �2x � 3 � dx (b) 
 π � 4
0

sec2 θ dθ

2. Determineby substitutionandstatethespecificsubstitutionyouareusing.

(a) 
 x � 3 � x2 dx (b) 
 xcos
�
3x2 � dx

(c) 
 2x
x2 � 1

dx (d) 
 ecosx sinx dx

3. Find thedifferentiablefunctiong thathastheproperties:

g � � x � � x � 6cos
�
2x � for all x and g

�
π � � 1 �

� RelatedRates

1. A stonedroppedinto a still pondsendsout a circular ripple whoseradiusincreasesat a constantrate
of 3 ft/s. How rapidly is theareaenclosedby theripple increasingwhentheareais 30 squarefeet.

2. A conicalwatertankwith vertex down hasa radiusof 10 feetat thetopandis 24 feethigh. If wateris
beingdrainedfrom thetankataconstantrateof 20ft3/min, how fastis thedepthof thewaterchanging
whenthewateris 16 feetdeep.



� Local Linear Approximation Useanappropriatelocal linearapproximationto estimatethevalueof the
givenquantity.

(a) � 24 (b) sin� 0 � 1�
� Analysis of functions Let f bethepolynomialfunctiondefinedby f � x ��� x4 � 3

8
x2 for all x.

1. f ��� x ���
2. f ����� x ���
3. Find all critical pointsof f andclassifythebehavior of f at eachpoint.

4. Locateall inflectionpointsof f .

5. On which interval(s)is f decreasing?Describetherelevantevidence.

6. On which interval(s)is thegraphof f concavedown?Describetherelevantevidence.

7. Write anequationfor a line tangentto thegraphof f at aninflectionpoint.

8. Sketchthegraphof f overanappropriateinterval - indicatescales(or viewing window) for yourplot;
includegraphof thetangentline you foundin part(g).� Rectilinear Motion

1. Thepositionfunctionof aparticlemoving alongacoordinateline is givenby s � t ��� 2t3 � 21t2  60t  
3, t ! 0, wheres is in feetandt is in seconds.

(a) Find thevelocityandaccelerationfunctions.

(b) At whattime is theparticlestopped?

(c) Whenis theparticlespeedingup?Slowing down?

(d) Find thetotal distancetraveledby theparticlefrom time t � 0 to t � 5.

2. A ball is thrown from thesurfaceof theearth(wheretheaccelerationof gravity is 32 ft/sec2) straight
up into theair with aninitial velocityof 60 mph(= 88 ft/sec).How highdoestheball go?� Max/Min

1. Considerthefunction f � x ��� 1
x � 1 � x � over theopeninterval (0,1).

(a) Usea limit argumentto show thatthis functionhasno absolutemaximumon this interval.

(b) What is theabsoluteminimumof this functionon this interval andwheredoesit occur. Justify
youranswer.

2. A cylindrical can,openatthetop,is to hold500cm3 of liquid. Findtheheightandradiusthatminimize
theamountof materialneededto manufacturethecan.Besureto statethedomainof thefunctionyou
areminimizingandshow thattheresultingvaluedoesindeedresultin a minimum.

3. Therearemany rectangleswhoseareais 100squarefeet: for instance,onesuchrectangleis four feet
wide andtwenty-five feet tall, anotheris two hundredfeetwide andone-halffoot tall. Useideasof
calculusto show thatin thesetof all rectangleshaving area100squarefeet,theten-by-tensquarehas
theshortestperimeter.� Definitions

– The Derivative

1. Limit Definitionof Derivative

(a) Statea formal (limit) definitionof thederivativeof a function f .



(b) Find thederivativeof thefunction f " x #%$ 3x2 & 2x usingthedefinition in part (a). Show all
of thestepsin thelimiting process.

2. Thefollowing limit representsf '(" a # for somefunction f andsomenumbera. Find f anda.

lim
∆x ) 0 * 1 + ∆x & 1

∆x

– Definite Integrals

1. Considerthetwo equivalentexpresssions:, lim-
p
- ) 0

n

∑
k . 1

x /k ex 0k ∆xk, wherep is apartitionof [1,4],

, lim
max∆xk ) 0

n

∑
k . 1

x /k ex 0k ∆xk,
wherethe interval [1,4] is divided into n sub-intervals, the
k’ th interval haswidth = ∆xk,

andx /k is somenumberin the k’ th interval. Expresseitherof theseequivalentstatementsasa
definiteintegral. Do notattemptto evaluatetheresultingdefiniteintegral.1 Theorems

1. Trueor False(write theword True or False)

(a) All continousfunctionson anopeninterval aredifferentiableon thatinterval.

(b) All continousfunctionson aclosedinterval areintegrableon thatinterval.

(c) If f is differentiableon(a,b) andcontinouson[a,b] thenthereexistsat leastonenumberc in (a,b)
suchthat f ' " c #2" b & a #3$ f " b # & f " a # .

2. Stateoneversionof theFundementalTheoremof Calculus.

3. Let F " x #�$54 x

0
cos" π

2
t # dt. Find F ' " x # andF '�' " x # .

1 Analyzing a givengraph

1. Theaccompanying figureshows thegraphof theheighth in centimetersversustheaget in yearsof
anindividual from birth to age20.

height
(cm)

5 10 15 20

50

100

150

200

age(years)

(a) Whenis thegrowth ratethegreatest?

(b) Esitmatethegrowth rateat age5.

(c) At approximatelywhatagebetween10and20is thegrowth ratethegreatest?Estimatethegrowth
rateat this age.



2. Below arethegraphsof a function; f 6 x 7 , its first derivative; f 8�6 x 7 , andits secondderivative; f 8�8(6 x 7 .
Labelthemaccordingly.
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3. Supposethat f is adifferentiablefunction.Thegraphof f 8 , thederivativeof f , overtheinterval [-5,6]
is shown below.

Graphof f 8�6 x 7 Graphof f 8�8(6 x 7

-4 -2 2 4 6

-4

-2

2

4

-4 -2 2 4 6

(a) Onwhatinterval(s)is f increasing?Describetheevidencethatis relevant.(A reasonableapprox-
imationto theinterval(s)togetherwith aclearexplanationwill suffice).

(b) On whatinterval(s)is thegraphof f concaveup?Describetherelevantevidence.

(c) Does f have a local (relative) maximumsomewherein the openinterval (-5,6)? Describethe
relevantevidence.

(d) Suposef 6 07:9 12. Write anequationfor theline tangentto thegraphof f at thepoint (0,12).

(e) Sketchthegraphof f 8�8 , thesecondderivativeof f . Describetwo key featuresof your graphand
explainhow they arerelatedto thegraphshown above.

4. Considerthe following graphwherethe anti-derivative function F of the function f 6 x 7 is given by

F 8;6 x 7�9 f 6 x 7 . Usethegraphto evaluate< 6

2
f 6 x 7 dx.

Graphof F 6 x 7 , whereF 8�6 x 7�9 f 6 x 7
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= Below is agraphof theFolium of Descartes wherey is definedimplicitly by x3 > y3 ? 3xy.

TheGraphof x3 > y3 ? 3xy
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1. Useimplicit differentiationto find anexpressionfor
dy
dx

at pointson thecurve wherethetangentline

is not vertical.

2. Thepoint (3
2, 3

2) is on thiscurve. Whatis theslopeof thetangentline to thecurveat thispoint?

3. Sketchthetangentline to thecurveat thepoint (3
2, 3

2) on thegraphabove.


