
Calculus II: Sample of Final Exam Questions.

1. Express� the following limit asa definiteintegral over the interval [0,2], andevaluatethe integral. Here,∆xk is the
width of thek’th interval andx

�
k is somepoint in thatinterval. Usea formulafrom geometryto evaluatethelimit.
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2. The following limit equalsthe definite integral of somefunction g over the interval [5,12]. Your taskis to write a
definiteintegral thatequalsthis limit.

lim
n � ∞

n

∑
k � 1 
 7 ��� 5 � k � ∆x � 3 � � ∆x where ∆x � 7

n
.

3. The following plot shows a graphof f over the interval [0,7]; a few valuesof this functionarelisted in the tableto
theright of theplot. Describea strategy for usingthis informationto computea Riemannsumthatapproximatesthe

valueof � 6

0
f � x � dx, thenuseyourstrategy to calculatesuchanapproximation.

1 2 3 4 5 6 7

2

4

6

8
x f � x �
0 8.8
1 4.0
2 2.4
3 2.8
4 4.0
5 4.8
6 4.0
7 0.4

4. Considertheregionenclosedbetweeny � x � 1 � x � andthex-axis.

(a) Sketchtheenclosedregion.

(b) Whatis agoodmethodfor determiningthevolumeof thesolidgeneratedby rotatingtheregionaboutthey-axis?
Why would youpreferthismethodoversomeother.

(c) Setup but do notevaluatetheintegral describingthevolumein part(b).

(d) Setupbut donotevaluatetheintegraldescribingthevolumegeneratedby revolving theregionaroundthex-axis.

5. Write anintegral expressionfor theareaof theregion enclosedby y � x � 2 andy � x2.

6. Usethemethodof partialfractionsto evaluatetheindefiniteintegralsbelow.

(a) � 1� x � 1��� x � 1� dx. (b) � 1� x � 1��� x2 � 1� dx.

7. Evaluatethefollowing definiteintegral by makingthesubstitutionx � tanθ .� 1

0 � 1 � x2 dx

8. Usingthepreviousproblemasaguide,find thearclengthof thecurve y � x2 � 2 from x � 0 to x � 2.



9. Herewe investigatetheimproperintegral � 1

0
lnx dx.

(a) Whatmakestheabove definiteintegral improper?

(b) Useintegrationby partsto show that � lnx dx � x ln � x ��� x  C.

(c) Usepart(b) to expresstheimproperintegral � 1

0
lnx dx asa limit.

(d) Doesthe improperintegral converge or diverge. If it converges,to whatdoesit converge. Hint: you will need

to applyL’Hopital’s rule to theexpressionlim
x ! 0" x ln � x �#� lim

x ! 0" lnx
1$ x .

10. At time t � 0, a tankcontains25 ouncesof saltdissolved in 50 gal of water. Thenbrinecontaining4 ouncesof salt
pergallonof brineis allowedto enterthetankata rateof 2 gal/minandthemixedsolutionis drainedfrom thetankat
thesamerate.Let y � t � denotetheamountof salt in thetankat time= t.

(a) Setup theinitial valueproblemdescribingtherateof changein y with respectto time.

(b) Solve theinitial valueproblemfor y � t � .
(c) As t % ∞ whatdoestheconcentration of salt in thetanktendtowards.

11. Usetheintegral testto determinewhetherthefollowing series’converge.Besureto justify thetestby confirmingthe
functionusedin thetestsatisfiesthenecessaryconditions.
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12. In thisproblemwe investigatethegeometricseriescontainingavariablex.

∞
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n ) 0 - x � 3

2 . n

.

(a) Doestheseriesconvergeif x � 1? Doesit convergeif x � 3? Explainyour answers.

(b) For whatinterval of valuesfor x doestheseriesconverge?Explainyour reasoning.

(c) Supposew is a numberin theconvergenceinterval you foundabove. Write a simpleexpressionthatcomputes
thesumof theinfinite serieswhenx � w.

13. Show thatthealternatingharmonicseries(below) converges.Statethetestyouuseandshow all partsof thetest.
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14. Determinewhethertheseriesconverges.Justifyyour answer.

(a)
∞

∑
k ) 1

3k

k!

(b)
∞

∑
k ) 1

1

5  4/ k

15. Which of thefunctionsgraphedbelow is mostlikely to have p � x �0� 1 � x  2x2 asits second-orderMaclaurinpoly-
nomial.Explainyour reasoning.



I II III IV

16. Herewe usetheRemainderEstimationTheoremto reachsomeconclusionsregardinga Taylor polynomialandthe
TaylorSeriesfor sinx aboutthepoint xo 1 π 2 2.

(a) Write thefirst 3 nonzerotermsof theTaylorseriesfor sinx aboutxo 1 π 2 2.

(b) Findanupperboundontheerrorthatresultsfrom approxmatingsinx with thesefirst threetermsovertheinterval
x 1 0 to x 1 π.

(c) ConstructtheTaylorSeriesfor sinx aboutxo 1 π 2 2 andexpressyouranswerin summationnotation.

(d) Prove thattheabove TaylorSeriesconvergesto sinx over theinterval x 1 0 to x 1 π.

(e) For whatvaluesof x doestheTaylorseriesfrom part(c) convergeto sinx ? Justifyyouranswer.

17. We alreadyknow the differentiationandintegrationformulasfor sinx andcosx. In this problemwe arrive at these
formulasbasedon theMaclaurinSeriesfor thesefunctionsandthedifferentiationandintegrationformulasfor poly-
nomials.

(a) ConstructtheMaclaurinseriesfor sinx. Find theradiusof convergencefor this series.

(b) ConstructtheMaclaurinseriesfor cosx. Find theradiusof convergencefor this series.

(c) DifferentiatetheMaclaurinseriesfor sinx termby termandverify thedifferentiationformula

d
dx 3 sinx 4 1 cosx 5

(d) IntegratetheMaclaurinseriesfor sinx termby termandverify theintegrationformula6
sinx dx 187 cosx 9 C 5

18. Usethefact thatanantiderivative of 1
1: x2 is tan; 1x to derive theMaclaurinSeriesfor tan; 1 x. What is theradiusof

convergencefor this series.Usethisseriesto find thefifth derivative of tan; 1x evaluatedat x 1 0.

19. In thisproblemwe investigatearclengthandtangentlinesof acircle definedin polarcoordinatesby r 1 4cosθ .

(a) How is thiscircle describedin rectangularcoordinatesandsketchit.

(b) Find theslopeof thetangentline to thecircle for anarbitraryvalueof θ .

(c) Sketchthetangentlinesandstatetheslopefor θ 1 π 2 4 andθ 1 π 2 6.

(d) Whatrangeof θ valuesresultin onetracingof thecircle.

(e) Verify thatthecircumferenceof thecircle is 4π by evaluatingtheintegral describingthearclenth.



Thesearequestionsspecificto Section1

20. A colony of thebacteriumE. coli growscontinuously atarelative rateof 80percentwhenplacedin anutrientculture.
Let y < y = t > bethenumberof cellsthatarepresentafter100cellsareplacedin theculture.

(a) Find aninitial valueproblemwhosesolutionis y = t > .
(b) Find a formulafor y = t > , whereall constantsareassignedanumericalvalue.

(c) How longdoesit take for thenumberof cellsto double.

21. Expressthefollowing statementsasadifferentialequation.Besureto statewhateachvariablestandsfor andwhether
any constantsarepositive or negative.

(a) The rate at which the temperature of a warming turkey increases in an oven is proportional to the difference
between the oven temperature and the temperature of the turkey.

(b) The amount of a drug that is present in the blood stream tends to decrease at a rate that is proportional to the
amount present.

22. Solve thedifferentialequation: ? 1 @ x2

1 @ y
dy
dx
<8A x.

23. Solve theinitial valueproblem:x
dy
dx
@ y < sin= x >CB y D π

2 E < 1.


