Calculus|l: Sample of Final Exam Questions.

. Expressthe following limit asa definiteintegral over the intenal [0,2], and evaluatethe integral. Here,Ax, is the
width of thek’th interval andx;; is somepointin thatinterval. Useaformulafrom geometryto evaluatethe limit.
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. Thefollowing limit equalsthe definiteintegral of somefunction g over the interval [5,12]. Your taskis to write a
definiteintegral thatequalghis limit.
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. Thefollowing plot shavs a graphof f over theintenal [0,7]; a few valuesof this function arelistedin the tableto
theright of the plot. Describea stratgy for usingthis informationto computea Riemannsumthatapproximateshe
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valueof/ f(x) dx, thenuseyour stratgy to calculatesuchanapproximation.
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. Considettheregion enclosedetweery = x(1—x) andthex-axis.

(a) Sketchtheenclosedegion.

(b) Whatis agoodmethodfor determininghevolumeof thesolid generatedby rotatingtheregion aboutthey-axis?
Why would you preferthis methodover someother

(c) Setupbut do notevaluatetheintegral describinghevolumein part(b).
(d) Setupbutdonotevaluatetheintegraldescribinghevolumegeneratedby revolving theregionaroundthe x-axis.

. Write anintegral expressiorfor the areaof theregion enclosedy y = x+ 2 andy = x°.

. Usethe methodof partialfractionsto evaluatetheindefiniteintegralsbelow.
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. Evaluatethefollowing definiteintegral by makingthe substitutionx = tané.
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. Usingthe previous problemasa guide,find thearclengthof thecurvey = x?/2 from x = 0 to x = 2.
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Hereweinvestigatetheimproperintegral/ Inx dx.
0

(a) Whatmakestheabove definiteintegral improper?

(b) Useintegrationby partsto shav that/lnx dx = xIn(x) —x+C.

1
(c) Usepart(b)to expresstheimproperintegral/ Inx dx asalimit.
0

(d) Doestheimproperintegral corverge or diverge. If it converges,to whatdoesit converge. Hint: you will need

to applyL’Hopital’s rule to theexpressionlim xIn(x) = lim —.
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At timet = 0, atank contains25 ouncesof saltdissoledin 50 gal of water Thenbrine containing4 ouncesof salt
pergallonof brineis allowedto enterthetankatarateof 2 gal/minandthe mixedsolutionis drainedfrom thetankat
thesamerate.Let y(t) denotethe amountof saltin thetankattime =t.

(a) Setuptheinitial valueproblemdescribingherateof changen y with respecto time.

(b) Solve theinitial valueproblemfor y(t).

(c) Ast — o whatdoesthe concentration of saltin thetanktendtowards.

Usetheintegral testto determinevhetherthefollowing series’corverge. Be sureto justify thetestby confirmingthe
functionusedin thetestsatisfieshe necessargonditions.
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In this problemwe investigatethe geometricseriescontaininga variablex.
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(a) Doestheseriesconvergeif x = 1?7 Doesit convergeif x = 3? Explainyour answers.

(b) Forwhatintenal of valuesfor x doesthe seriesconverge? Explainyour reasoning.

(c) Supposeav is anumberin the cornvergenceinterval you found abore. Write a simpleexpressiorthatcomputes
thesumof theinfinite serieswhenx = w.

Shaw thatthealternatingharmonicserieg(below) cornverges. Statethetestyou useandshaw all partsof thetest.
1 1 1

1-S+3-7+-

Determinewhetherthe seriescorverges. Justifyyour answer
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Which of the functionsgraphedoelaw is mostlikely to have p(x) = 1 — x+ 2x? asits second-ordeMaclaurinpoly-
nomial. Explainyour reasoning.




16. Herewe usethe RemaindeiEstimationTheoremto reachsomeconclusiongegardinga Taylor polynomialandthe
Taylor Seriesfor sinx aboutthe pointx, = 711/2.
(a) Write thefirst 3 nonzeratermsof the Taylor seriesfor sinx aboutx, = 77/2.
(b) Findanupperboundontheerrorthatresultsfrom approxmatinginx with thesefirst threetermsovertheintenal
x=0tox=TL
(c) Constructhe Taylor Seriesfor sinx aboutx, = 11/2 andexpressyour answelin summatiomotation.
(d) Provethattheabore Taylor Seriescorvemesto sinx overtheintenal x=0tox=1t.
(e) Forwhatvaluesof x doesthe Taylor seriesfrom part(c) corvergeto sinx ? Justifyyouranswer

17. We alreadyknow the differentiationandintegrationformulasfor sinx andcosx. In this problemwe arrive at these
formulasbasedon the MaclaurinSeriesfor thesefunctionsandthe differentiationandintegrationformulasfor poly-

nomials.
(a) Constructhe Maclaurinseriesfor sinx. Find theradiusof corvergencefor this series.
(b) Constructhe Maclaurinseriesfor cosx. Find theradiusof corvergencefor this series.
(c) Differentiatethe Maclaurinseriesfor sinx termby termandverify the differentiationformula

d [sinx] = cosx
dx N ’
(d) Integratethe Maclaurinseriesfor sinx termby termandverify theintegrationformula

/sinx dx = —cosx+C.

18. Usethefactthatan antidervative of lez is tan 1 x to derive the MaclaurinSeriesfor tan1x. Whatis the radiusof

convergencefor this series Usethis seriesto find thefifth derivative of tar ! x evaluatedatx = 0.
19. In this problemwe investigatearclengthandtangentines of a circle definedin polarcoordinatedy r = 4cos6.

(a) How is thiscircle describedn rectangulacoordinatesaindsketchit.

(b) Findtheslopeof thetangentine to thecircle for anarbitraryvalueof 6.

(c) Sketchthetangentinesandstatetheslopefor 8 = 11/4 andf = 11/6.

(d) Whatrangeof 6 valuesresultin onetracingof thecircle.

(e) Verify thatthe circumferencef thecircle is 41t by evaluatingtheintegral describingthe arclenth.
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Thesearequestionspecificto Sectionl

A colory of thebacteriunE. coli grows continuously atarelative rateof 80 percentwhenplacedin anutrientculture.
Lety = y(t) bethenumberof cellsthatarepresentfter100cellsareplacedin theculture.

(a) Findaninitial valueproblemwhosesolutionis y(t).
(b) Findaformulafor y(t), whereall constantareassigne@numericalvalue.
(c) How long doesit take for the numberof cellsto double.

Expresghefollowing statementasa differentialequation Be sureto statewhateachvariablestandsfor andwhether
ary constant@repositive or neggative.

(a) The rate at which the temperature of a warming turkey increases in an oven is proportional to the difference
between the oven temperature and the temperature of the turkey.

(b) The amount of a drug that is present in the blood stream tends to decrease at a rate that is proportional to the
amount present.
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Solwe thedifferentialequation:

Solwetheinitial valueproblem:x—= +y = sin(x), y(7—T) =1.



