Math 153 Calculus IT — sample problems for Final Exam —  some solutions 13-May-2001

1.

4.

Partition the interval [0, 2] into n subintervals. Let Az be the width of the k*® subinterval and let 2} be some point

n 2
in that subinterval, then Z (\ /4 — (x;)2 . A:ck> is a Riemann sum that approximates / V4 — 22 dz; furthermore
0

k=1
the value of that definite integral is the limit of such Riemann sums. The region above the z-axis and below the

graph of y = v/4 — 22 over the interval [0, 2] is one-quarter of a circle with radius 2, hence its area and the value
of the definite integral equals (1/4) - 7 - 22 = 7. (The left-hand plot below shows this region, n = 5 equal-width
subintervals, and rectangles with heights computed at midpoints of subintervals.)

e

_— ] e

Partition the interval [5,12] into n equal-width subintervals, then Az = (12 — 5)/n = 7/n. The first (left-hand)
subinterval is [5,5 + Az], the second subinterval is [5 + Ax,5 + 2 - Az]; in general, the right endpoint of the k'"
subinterval is 2 = 5+ k - Az. The sum contains the expression 7 4 (5 4 k - Az)3, that is just 7 + (z;)°. The sum

2

n n 1

Z (7T+(B+k-Az)?) - Az = Z (74 ) - Az is a Riemann sum that approximates / (7+2°) da.

k=1 k=1 5

The right-hand plot above shows the region between the z-axis and the graph of y = 7 + 2 over the interval [5,12]
together with some rectangles whose heights are computed at the right endpoint of their base subinterval.

n 3 2
2901 2
Note: Theorem 7.4.2 (page 400) implies E 7+ (5 +k- 7) T = (7> . ( 01n” + 3206n + 833).
— n n 4 n

Partition the interval [0, 6] into a collection of subintervals. For each subinterval, evaluate f at some point of this
subinterval, multiply that function value by the width of this subinterval; finish by adding all of those products.
We have a table of values for f(x) at integer values of x. It is convenient to use subintervals whose endpoints are

6
integers; there are many ways to do that. Here are several alternative approximations of / f(z) dx.
0

Az = 3,left endpoint F(0)-3+f(3)-3=(8.8)-3+(2.8)-3 =264+ 84 =340
haphazard F(2)-34 F(4)- 24 f(6)-1=(2.4) -3+ (4.0)- 2+ (4.0) - 1 = 19.2
Az = 2, midpoint F)-24 f(3)-24 f(5) -2 = (4.0) - 2+ (2.8) -2+ (4.8) - 2= 8.0+ 5.6 + 9.6 = 23.2

Ax = 1,left endpoint fO+ )+ f2)+ f(3)+ f(4
Az = 1,right endpoint  f(1) + f(2) + f(3) + f(4) + f(5

(5) =884 4.0 +24+2.8+4.0+48=26.8

+ f(5
+ f(6) =4.0+24+28+4.0+48+4.0=220

-

f

f

a) - (1—xz) equals 0 at the ends of the interval [0, 1], is positive in the interior of that interval, and is negative
outside. The left-hand plot below shows the graph of y = z - (1 — z) over [0, 1].

b) Whether we rotate the region about the y-axis or the z-axis, it is moderately simple to begin by setting up a
Riemann sum that involve computing what happens to a thin vertical rectangle that goes from 0 to the upper
bounding curve: the height of such a rectangle is easy to compute as a function of . On the other hand,
beginning with a thin horizontal rectangle seems messier: its left end computed as one function of x and its
right end as another function of x.

¢) Suppose z is in [0,1]. A thin vertical strip at z, thickness Az and height z - (1 — z), is distance x from
the y-axis; rotating this strip around the y-axis will generate a cylindrical shell with (approximate) volume



27 - (a: (1 - x)) -Ax.  The total volume of all shells is computed by Z (277 cag - (o (1— ) - A:z:k>,
k=1

1
a Riemann sum whose limit is the definite integral / 2w - (.Z‘ (11— x)) dx.
0

1 2
d) If region rotated is about z-axis, the disk method yields the definite integral / - (Jc (1 - x)) dx.
0

5. The right-hand plot above shows graphs of the straight line y; = 2 + 2 and the parabola y; = x?. Those curves
meet at the points (—1,1) and (2,4); the straight line lies above the parabola over the interval [—1,2]. The area of

2
the region between those curves is computed by the definite integral / ((x +2)— 1’2> dx

-1

6. 1 12 1/2 1 1
———dx = —— = —— | dx = -1 -1 —-=1 1 .
8) /(x—1).($+1) v /<x—1 v+1) = ghle—l-ghilelf+c
1 1 1 1 z 1 1 1
b do = - — - dr = ~In|z — 1| arct —~In(2* +1)+C.
) /(a:—l)~(x2—|—l) x 2/(3:—1 o x2—|—1> z=3 nlx—1| 2arcan(ac) 1 n(z*+1)+C

7. The substitution z = tan(f) implies dz = sec(6)? df and
/\/ 1+22de = /\/ 1+ tan(6)? - (sec(@)2 d9> = / V/sec(0)2 - sec(0)? df = / sec(8)| - sec()? df = /sec(@)3 de.

Intermediate steps in the preceding equation involve the identities 1 + tan(6)? = sec(6)? and vw? = |wl; the final
step is a consequence of § = arctan(z) and sec(f) > 0 on (—7/2,7/2), the range of the arctangent function.

Now use integration by parts: [ A-dB = A- B — /B ~dA. Let A = sec() and dB = sec(f)? df, then
dA = sec(f) - tan(0) df, B = tan(f) and

/ sec(6)® d = / sec(d) - d (tan(e))

= sec(6) - tan(f) — /tan(@) . (sec(@) - tan(0) d@)

= sec(f) tan(6) — /sec(@) -tan(6)? do
= sec(f) tan(6) — /Sec(ﬁ) - (—1 +sec(9)?) do

= sec(f) tan(0) —|—/sec(0) do — /sec(0)3 do.

Solve the preceding equation for / sec(#)® df and evaluate the remaining integral:

1 1
/sec(@)3 do = 3 (sec(@) tan(0) + /sec(ﬂ) d9) =5 (sec(@) tan(f) + In ‘sec(@) + tan(9)|) +C.
Now we are ready to calculate a numerical value. The integral with respect to « over the interval |
into an integral with respect to 6 over the interval [arctan(0), arctan(1)] = [0, 7/4]. Note that sec(
sec(m/4) = v/2, tan(m/4) = 1 and the value of the definite integral is

%-<\/§~1+ln(x/§+1))—%~(1~0+ln(1+0)):%+%ln(\/§+1).

, 1] is transformed
) =1, tan(0) =0,

o O




Section 8.8 provides an alternative substitution for problem 7: z = sinh(¢) implies dx = cosh(t) dt, V1 + 22 =

/1 + sinh(t)? = y/cosh(t)? = |cosh(t)| = cosh(t), and

/\/ 1+22de= /cosh(t) . (cosh(t) dt) = /cosh(t)2 dt = L (t + sinh(?) ~cosh(t)) +C.

2

8.

10.

11.

2
If y = (1/2)2?, then y’' = z and /1+ (y’)2 = V1 + 22; the definite integral / vV 1+ 22 dx computes the
0
arclength over the interval [0, 2]. Calculate the numerical value by adapting the solution to the preceding problem.

The definite integral with respect to ¢ is over the interval [arctan(0),arctan(2)] = [0,arctan(2)]. The identity
1
sec(0)? = tan(6)? + 1 implies sec(arctan(2)) = v/5. The arclength is 3 <\/§ -2+1n (\/5 + 2) )

1
a) / In(x) dx is an improper integral because 0 is not in the domain of the natural logarithm function and
0
lim In(z) = —o0.
z—0*t

b) Let A=In(x) and dB = dz, then dA = (1/x)dz, B = z, and
/ln(:r) dlen(x)mcf/xd(ln(x)) :ln(x)wrf/:v (i d:v) :x~ln(z)7/d:c:x~ln($)fx+C’.

1

1 1
c) / In(z) dz = lim In(x) de = Llim (- In|z| — x) =—-1— lim L-In(L)
0 d

L—0t+ Jr, 0+ o—=L L—0t
—In(L) . . ) 00 " o .
d) —L-In(L) = /L is indeterminate of type — as L — 0. The derivative of the numerator is —1/L, the
00
—1/L
derivative of the denominator is —1/L? and it is never equal to 0 in (0,1), and lim —/ = lim L = 0; hence
L—o+ —1/L?  L—o+
—1In(L)

1
I'Hopital’s Rule implies lim (—L : ln(L)) = lim also exists and equals 0. Hence / In(z) de = —1.
L—0 0

L—o+ 1/L

Let S(t) be the ounces of salt in the tank at time ¢.

a) Salt flows in and salt flows out. The net rate-of-change for S(t) can be decomposed:

as _ rz.%te _ [rate] _ 2g72'11 (4 Ounces) Qgiz?l ~(S(¢) ounces :87i~5(t).
dt in out min gal min 50 gal 25

Since there are 25 ounces of salt in the tank at time ¢ = 0, we have the initial condition S(0) = 25.
b)  The differential equation S’(¢) = 8 — (1/25) S(¢t) can be rewritten as S’(t) + (1/25) S(¢t) = 8 for which

uw= ef(l/%) i — /%5 i an integrating factor. Using it, we find
d (125 ) t/25 Q! L 425 tj25 _ 4 ( t/25
- .S(t)) = . )+ — t)=28- = _—(8.25. )
dt(e S(t)) = €'/ 5'(1) + 5= /¥ S(t) = 8- = (8-25-¢

and infer S(t) = 825+ C - e~¥/?5 where C is an arbitrary constant.
The initial condition implies 25 = S(0) = 8-25+ C - ¢ = 200 + C and C = 25 — 200 = —175. Hence the

Initial Value Problem has solution S(t) = 200 — 175 - e~*/2% for t > 0.
S()

c) tlim S(t) = 200 ounces of salt and the limiting concentration of salt is lim =0 = 4 ounces-per-gallon.

t—oo

Note that the limit of the tank’s concentration is equal to the concentration in the inflow.

1 * dx
a) — is a positive and decreasing function on [1,00), the improper integral / — = Rlim In(R) = co diverges,
€T 1 X —00

1
therefore so does Z T
k=1

b)

oo
w7 = 5-¢ %% is a positive and decreasing function on [0,00), the improper integral / 5.e %2 dp =
e 0

~10- 1 -R/2 _ 2
10—-10- lim e = 10 converges, therefore so does Z 2

— 00

k=1
0o e} k
) ) 1 ) 1 5
This is a convergent geometric series: —_— = —" <—> = —" = .
; ek/2 /e kz:(:) Ve Ve 1—-1/ye e—1



12.  Begin by citing our main result about a geometric series:
oo

Z r" converges if and only if |r| < 1; if this series converges, then its limit is
n=0

o0 n

3 3

Analyze Z (z — 2) by letting r = x — 3 and adapting the above statements to get ones involving x.
n=0

a) The series converges at © = 1 because |1 —3/2| = 1/2 < 1; the series diverges at x = 3 because |3 — 3/2| =
3/2> 1.

b) The series converges if and only if |z — 3/2| < 1; that inequality is equivalent to 3/2 —1 < x < 3/2+ 1. The
interval of convergence for this series is (1/2,5/2).

- 3\" 1 2
¢) If wis in the interval of convergence, then (w — —) = = .
ng() 2 1—(w—-3/2) 5—-2w

13.  Alternating Series Test: If {Ak}zozl is a sequence of positive terms which (a) decrease and (b) tend to 0 as k — oo,

then Z:(fl)k*1 Ay, converges.

1 1 1
Suppose Ay = T If k is positive, then k + 1 > k implies Ay = Z > e Agy1. Furthermore, klirn A =
1 o (—1)k1 1 1
kliw i = 0. Therefore kE_: =1- 3 + 371 + - - - converges.
14. 3k 3k /(k + 1) 3k+ k!
a) o is positive for each positive integer k and kli_)nolo % = klngo ET m = kli_)n;o Tl 0;
since that limit is less than 1, the Limit Ratio Test implies Z T converges.
k=1 "
. 1 11 .
b) klirr;o STAF 5350 3 is not equal to zero, therefore Z e does not converge.

15. A function f and its n'P-order Taylor polynomial P, centered at a have the same function and derivative values
at a, up to order n: i.e., f*)(a) = ,(Lk)(a) for all integers k between 0 and n. If g(z) = 1 — x + 222 is the second-
order Maclaurin polynomial for f, then f(0) = ¢(0) = 1 so we can exclude the left-most plot which shows a curve
through the origin. f’(0) = ¢’(0) = —1 so we can exclude the second plot from the left which shows a curve with
positive slope as it crosses the y-axis. f”(0) = ¢”(0) = 4 is positive suggesting the graph of f is concave up in
some neighborhood of 0, that would lead to rejection of the third plot which is concave down there and choosing the
right-most plot which is concave up around z = 0.

16. a) sin’ = cos, sin” = —sin, sin”’ = — cos, sin® = sin, and sin®™ = sin®* =4 for all integers k > 5. Since cos(7/2) =
0, we can infer sin®9 (7 /2) = 0; for the even-order derivatives, we have sin®*) (7/2) = (=1)*sin(n/2) = (—1)*.
2

1 1 4
The fourth-order Taylor polynomial for sin centered at 7/2 is Py(z) =1 — 5 (ac - g) + 21 (:E - g) .

b) The answer to part (a) is a fourth-order Taylor polynomial. The fifth derivative of sin is cos, the maximum
value of |cos| on the interval [0,7] is 1. If = is in [0, 7], then |z — 7/2| < 7/2. Hence the Remainder Bound

1 5 5
Theorem (11.9.3 on page 677) implies that if z is in [0, 7], then ‘sin(x) - P;;(x)‘ < = (g) = 3;;40 ~ 0.0797.
We can get a smaller bound. Since odd-order derivatives of sine have value 0 at T /2, we can also regard the
6

1 6
answer to part (a) as the fifth-order Taylor polynomial and compute the bound o (g) = ﬁ ~ 0.0209.

= C)E w2
c) Z (a: - 5) is the Taylor series for sin(z) centered at /2.
k=0 '
d-e) If z = m/2, then the series in part (¢)is 1+04+0+---+ 0+ ---, clearly convergent. If z # 7/2, then none
of the terms in that series is zero and their absolute values are positive — therefore the Limit Ratio Test is



applicable to that series of those absolute values. The Limit Ratio Test implies the above series is absolutely
convergent for all x because

o -/ /(2(k+1))!: N e
ko0 lz — /2% /(2 k)! k—oo (2k +1) - (2k + 2)

2k
|z —7/2]

Series converges implies individual terms have limit zero, i.e., we now know khm W
— 00 .

hence the Remainder Bound has limit 0 for every = and this series must converge to sin(z).

= 0 for all z,

a) Even-order derivatives of sin(x) are + sin(x) whose value at # = 0 is 0; sin®**V(2) = (=1)* - cos(x) whose

1 k
values at = 0 are (—1)*. Hence Z 2(/674-)1) 2%+ is the Maclaurin series for sin(z). The ideas used above

in solution for 16 (d-e) are easily adapted to show this series converges to sin(z) for all z.

b) Odd-order derivatives of cos(m) are i Sln( ) whose value at z = 0 is 0; cos(?*) (x) = (=1)* - cos(z) whose values

at =0 are ( . Hence Z ¥ is the Maclaurin series for cos(z). The ideas used above in solution

(2 k
for 16 (d-e) are easily adapted to show this series converges to cos(z) for all .
¢) The answers to parts (a) and (b) together with Theorem 11.10.2 (page 687) imply

d d [~ (-D)F = d [ (-D)F
%sm(x) = (,;)(Qk-tl)' ,x2k+1> _ kgo% ((2k;+1)' .x2k+1>

:iﬂ.(2k+1).z2k:i(*l)k 2k+1.x2k
!

-
k:O(Qk—i-l) P (2k)! 2k+1
 (CDF o
= Z oh)! 2" = cos(z)
k=0
d) The answers to parts (a) and (b) together with Theorem 11.10.4 (page 689) imply
dr = 2k+1 dr = / - L2kt d
[ sinte) da = /<k2_0 TESY . Z TH)! 22541 do
_ i 22 k42 _ oo (—1)* 2k
; !
£ ( 2k:+1 2k+2 —=(2-(k+ 1)
o o0
-1 1)
:Z((Q)‘)I 53 2 ';l
j=1 J): Jj=1 1)
— (-1
+ Z = —cos(x) +C
J=0
1 1 oo oo
Use some facts about geometric series. ¢ in (—1,1) implies T2 1= ) = kZ:O (—tQ)k = kzzo(_l)k PR
If x isin (—1,1), then Theorem 11.10.4 (page 689) implies
t = dt = DR ) A=) (—-1)* / tRar) =Yy L. g2kt
arctan(z) /0 e /0 (];)( ) ];)( ) ; ;2k+1 x

The fifth-degree term of that Maclaurin series is (1/5) - %, its fifth-derivative is 24 and that equals arctan(®(0).

a) (z—2)2+y? =22 center at (2,0)r with radius 2. Plot of circle is shown below in answer to part (c).

b) If r =4 cos(f), then r'(0) = CZQ (4 005(0)) = —4 sin(#). Then x = r(f) - cos(#) and y = r(9) - sin(#) imply
d_iv
do
dy

0= —4 sin(#) - sin(f) + 4 cos(d) - cos(d) =4 - (cos(9)2 - sin(9)2) =4 cos(20).

= —4 sin(f) - cos(6) + 4 cos(f) - (—sin(g)) = —8 sin(f) - cos(#) = —4 sin(26)



If dz/df # 0, then the point on the curve has a non-vertical tangent whose slope is

2 _ 2
dy/do 4 (COS(G) — sin(6) ) 1 sin(f)? —cos(9)? 1 1
= =_. = — - (tan(f) — cot(f) ) = = - (tan(f) — cot(#
dx/do —8 sin(d) - cos(0) 2 sin(#) - cos(d) 2 ( an(f) — cot( )> 2 ( an(9) — cot( ))
The alternative expressions for z’(6) and y’(6) yield a corresponding one for slope:

dy/d0  4cos(20)
dojdd ~ —isme) 29

¢) sin(r/4) = 1/v/2 = cos(n/4) and the slope of the tangent at the corresponding point is 0. sin(7/6) = 1/2,
cos(/6) = v/3/2 and the slope of the tangent at the corresponding point is —1/v/3.
The following plot shows the circle, lines through the origin with 6§ = 7/6 and 8 = x/4, together with the
lines tangent to the circle at the corresponding points on the circle.

"

d) The circle is traversed as 6 varies in any interval of length 7.
(It is acceptable to answer by just mentioning one such interval, e.g., [0, 7].)

e) Formula 12.2.2 (page 717) implies the length of this closed curve is
/ \/(4 cos(@)) + (—4 sin(@)) df = / /16 cos(6)2 + 16 sin(6)2 df
0 0
= / 4-\/cos(0)2 +sin(0)2 df = / 4-V1d9=46

0 0

T

=4m.
6=0

f)  Formula 12.3.2 (page 721) implies the area of the region enclosed by this curve is

/O7r % . (4 cos(@))2 do=4- /OTr 2 cos(@)2 dd=4- (0 + sin(6) 'cos(G))

s
=4m.
6=0




