
Math 250, Section 1, TEST 1 Answers

1. Solve the following initial value problems. (30 pts)

(a) y′−αy = eαt , y(0) = b.

This is a linear equation with variable coefficients wherep(t) =−α andg(t) = eαt . Thereforeu(t) =
e
∫

p(t)dt = e
∫
−αdt = e−αt . Upon multiplying both sides byu(t) we get[uy]′ = ug so uy=

∫
ugdt =∫

e−αteαtdt =
∫

dt = t +c. Now we haveuy= e−αty= t +c, solving fory we gety= eαt(t +c). Solve
for c from y(0) = b and you getc = b so the solution is

y = eαt(t +b).

(b) y′±y2 trig(x) = 0, y(0) =
1
b

The±, b, andtrig function depends on which test you took. In either case, the equation is separable.
You can rewrite it asy′ = ∓y2 trig(x)→ dy

y2 = ∓trig(x)dx. Now integrating both sides yields−1
y =

∓
∫

trig(x)dx. At this point you integrate the correct trig function (sin or cos), include a constant of
integration, and solve fory. You then get the constant of integration from the conditiony(0) = 1

b.

2. Solve the following differential equations. You need not solve y explicitly in terms of x. (25 pts)

(a)
dy
dx

=
x+ex

y−e−y or
dy
dx

=
x−e−x

y+ey

This is a separable equation

(1)→ (y−e−y)dy= (x+ex)dx→ y2

2 +e−y = x2

2 +ex +c (done)

(2)→ (y+ey)dy= (x−e−x)dx→ y2

2 +ey = x2

2 +e−x +c (done)

(b) (3x2−2xy+2)+(6y2−x2 +3)
dy
dx

= 0 (number 3 section 2.6)

This is an exact equation whereM(x,y) = 3x2− 2xy+ 2 andN(x,y) = 6y2− x2 + 3. NoticeMy =
−2x = Nx. Now we know thatΨx = M so we integrateM(x,y) with respect tox and getΨ(x,y) =
x3−x2y+2x+h(y). We also know thatΨy = N(x,y) this gives−x2 +h′(y) = 6y2−x2 +3 therefore
h′(y) = 6y2 + 3. Integratingh′(y) with respect toy yieldsh(y) = 2y3 + 3y+ c1 and we’ll letc1 = 0.
This givesΨ(x,y) = x3−x2y+2x+(2y3 +3y). The solution is then

x3−x2y+2x+2y3 +3y = c

3. A tank initially containsV liters of pure water. A mixture containing a concentration ofγ g/liter of salt
enters the tank at a rate of 2 liters/min, and the well-stirred mixture leaves the tank at the same rate. Answer
the following questions. Keep in mind that the answers will depend on the unknown parameterγ. (25 pts)

(a) LetQ(t) denote the grams of salt in the tank at any timet. Derive a differential equation which has
Q(t) as the solution.Include an initial value.
dQ
dt = rate in - rate out. The rate in is 2γ and the rate out is 2Q(t)/V. So

dQ
dt

= 2γ−2
Q
V

Since the tank starts off with pure water we get the initial conditionQ(0) = 0.



(b) Solve the initial value problem derived in part (a).

Rewrite the result from part a as
dQ
dt

+
2
V

Q = 2γ.

This is linear with variable coefficients wherep(t) = 2
V andg(t) = 2γ. We getu = e

2t
V and thenuQ=∫

ug= 2γ
∫

e
2t
V = γVe

2t
V +c. SoQ(t) = γV +ce

−2t
V . SinceQ(0) = 0, we getγV +c = 0→ c =−γV.

Q(t) = γV− γVe
−2t
V = γV(1−e

−2t
V )

(c) What is the limiting value ofQ ast → ∞?

Letting t → ∞ we can see from the above equation that the exponential goes to zero andQ→ γV.
You can deduce this from assuming that the concentration in the tank will get closer to the incoming
concentration and so the amount in the tank will get close to the incoming concentration times the
volume.

4. Determine,without solving the problem, an interval in which the solution of the given differential equation
is certain to exist. (10 pts)

(t−5)y′+
√

t y = e2t , y(1) = 2

5. Consider the differential equation
dy
dt

= (y−a)(b−y). (10 pts)

(a) Make a rough sketch of the graph ofy′ versusy.

(b) Supposey(0) = (a+b)/2. Without solving the differential equation, determine what happens toy
ast gets large. Explain your reasoning.

At y(0) = (a+b)/2 you can see thaty′ is positive soy will increase. Asy increasesy′ will decrease
but remain positive. Soy will increase towardsb (but never get there) ast → ∞. Ie.: lim

t→∞
y = b.

(c) Supposey(0) = b+1. Without solving the differential equation, determine what happens toy ast
gets large. Explain your reasoning.

At y(0) = b+1 you can see thaty′ is negative soy will decrease. Asy decreasesy′ will tend to zero
but remain negative. Soy will decrease towardsb (but never get there) ast → ∞. Ie.: lim

t→∞
y = b.


